Lecture 10

Further clarifications,
common errors,

and examples

1. Negation

Statement variables
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Component order
Subproof requirements
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U S

Negation

The appearance of a tilde in the
inference or replacement rules
only indicates that one statement
is the negation of another, not that
it has to have a tilde in front of it.

(e I 1) x.(PvQ)>o-~T

Negation

POV x. (PvQ)>~T
~ y. T
o~ z.~(PvQ) X,y MT

W) y- (Pv Q)
P z. ~T x, y MP
Negation

~(pvy) i ~@e~y

x. ~(Pv Q) X. ~P ¢ ~Q

y. ~P ¢ ~Q y-~(PvQ)
X.PeQ
y- ~(~P v ~Q)

Statement variables

Greek letters are statement
variables. They stand for any
statement, simple or compound. If
the same variable shows up more
than once, this implies that the
statement must be the same.

But, different variable letters don’t
require that the statements be
different.

Statement variables

DY X.~(PeQ)>Z

YOy y.Z> (RvS)

POy z.~(PeQ)>(RVS)
x. (RvS)oZz
y.Z> (RvS)

z.(RvS)>(RvVvS)



Operator specificity

The opertors specified in the
inference and replacement rules
are not substitutable (except
negation, as noted above).

Component order

The disjunction, conjunction, and
biconditional operators are order
invariant, so the order of
disjuncts, conjuncs, and
bicoonditional components as they
appear in the rules does not
matter.

Conditionals are not order
invariant, so their order matters.

Operator specificity

~(QVY) 2~ e~

X. > Q)
y. ~P+~Q M

Component order

¢ vy X. Pv ~(HDK)
~Q y. ~P
) z. ~(H D K)
X. Pv ~(H D K)
y-HDK
z.P

Component order

Doy X. (D v B) ¢ ~(H D K)
@ y.DvB

X. (Dv B) e ~(HDK)
y- ~(H D K)

Component order

¢oY x. (D v B) D ~(H D K)
~Y y.-HDK
o~ z.~(DvB) x,yMT

v B) D ~(




Subproof requirements

When using subproofs, recall that
a proof cannot end until all
subproofs are closed.

Graphically, this means that there
won’t be any indenting arrows
unconnected to verrtical lines.

Subproof requirements
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Subproof requirements

If at any point in a proof there is
more than on discharged
assumption, the most recent
undischarged assumption must be
discharged first.

Graphically, this means that lines
used to cloose subproofs will
never cross.

Subproof requirements
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Subproof requirements
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01. (RvS)OT
02. (PvQ)DT

01. (RvS)OT
02.(PvQ)DT

03.RVP /T

04. (RvP)v(SvQ) 3 DI

n-7. (RvP)v(SvQ) n-8 DI

n-6. {(RvP)vS}vQ n-7 assoc

n-5. {Rv(PvS)}vQ n-6 assoc

n-4. {Rv(SvP)}vQ n-5 comm

n-3. {(RvS)vP}vQ n-4 assoc

n-2. (RvS)v(PvQ) n-3 assoc

n-1.TvT n-2, 1, 2 dil
n.T n-1 dup

01. (RvS)OT

02. (PvQ)DT

03.RVP /T

04. (RvP)v(SvQ) 3 DI

05. {(RvP)vS}vQ 4 assoc

06. {Rv(PVvS)}vQ 5 assoc

n-5. {Rv(PvS)}vQ n-6 assoc

n-4. {Rv(SvP)}vQ n-5 comm

n-3. {(RvS)vP}vQ n-4 assoc

n-2. (RvS)v (PvQ) n-3 assoc

n-1.TvT n-2, 1, 2 dil
n.T n-1 dup

03.RVP /T

n-8.RvP

n-7. (RvP)v(SvQ) n-8 DI

n-6. {(RvP)vS}vQ n-7 assoc

n-5. {Rv((PvS)}vQ n-6 assoc

n-4. {Rv(SvP)}vQ n-5 comm

n-3. {(RvS)vP}vQ n-4 assoc

n-2. (RvS)v (PvQ) n-3 assoc

n-1.TvT n-2, 1, 2 dil
n.T n-1 dup

01. (RvS)OT

02. (PvQ)DT

03.RVP /T

04. (RvP)v(SvQ) 3 DI

05. {(RvP)vS}vQ 4 assoc

n-6. {(RvP)vS}vQ n-7 assoc

n-5. {Rv(PvS)}vQ n-6 assoc

n-4. {Rv(SvP)}vQ n-5 comm

n-3. {(RvS)vP}vQ n-4 assoc

n-2. (RvS)v(PvQ) n-3 assoc

n-1.TvT n-2, 1, 2 dil
n.T n-1 dup

01. (RvS)OT

02. (PvQ)DT

03.RVP /T

04. (RvP)v(SvQ) 3 DI

05. {(RvP)VvS}vQ 4 assoc

06. {Rv(PVvS)}vQ 5 assoc

07.{Rv(SvP)}vQ 6 comm

n-4. {Rv(SvP)}vQ n-5 comm

n-3. {(RvS)vP}vQ n-4 assoc

n-2. (RvS)v (PvQ) n-3 assoc

n-1.TvT n-2, 1, 2 dil
n.T n-1 dup



01. (RvS)OT
02.(PvQ)DT

03.RVP /T

04. (RvP)v(SvQ) 3 DI

05. {(RvP)vS}vQ 4 assoc

06.{Rv(PVvS)}vQ 5 assoc

07.{Rv(SvP)}vQ 6 comm

08.{(RvS)vP}vQ 7 assoc

09. (RvS)v(PvQ) 8 assoc

n-2. (RvS)v(PvQ) n-3 assoc

n-1.TvT n-2, 1, 2 dil
n.T n-1 dup

01. (RvS)OT

02. (PvQ)DT

03.RVP /T

04. (RvP)v(SvQ) 3 DI

05. {(RvP)vS}vQ 4 assoc

06. {Rv(PvS)}vQ 5 assoc

07.{Rv(SvP)}vQ 6 comm

08.{(RvS)vP}vQ 7 assocC

09. (RvS)v(PvQ) 8 assoc

10. TvT 9,61, 2dil

11. T 10 dup
n.T n-1 dup

01. (RvS)OT

02.(PvQ)DT

03.RVP /T

04. (RvP)v(SvQ) 3 DI

05. {(RvP)vS}vQ 4 assoc

06.{Rv(PVvS)}vQ 5 assoc

07.{Rv(SvP)}vQ 6 comm

08.{(RvS)vP}vQ 7 assoc

n-3. {(RvS)vP}vQ n-4 assoc

n-2. (RvS)v (PvQ) n-3 assoc

n-1.TvT n-2, 1, 2 dil
n.T n-1 dup

01. (RvS)OT

02. (PvQ)DT

03.RVP /T

04. (RvP)v(SvQ) 3 DI

05. {(RvP)vS}vQ 4 assoc

06. {Rv(PvS)}vQ 5 assoc

07.{Rv(SvP)}vQ 6 comm

08. {(RvS)VvP}vQ 7 assoc

09. (RvS)v(PvQ) 8 assoc

10. TvT 9,61, 2dil

n-1.TvT n-2, 1, 2 dil
n.T n-1 dup

01.(RvS)OT

02. (PvQ)DT

03.RVP /T

04. (RvP)v(SvQ) 3 DI

05. {(RvP)vS}vQ 4 assoc

06. {Rv(PVvS)}vQ 5 assoc

07.{Rv(SvP)}vQ 6 comm

08.{(RvS)vP}vQ 7 assoc

09. (RvS)v (PvQ) 8 assoc

10.TvT 9,1, 2dil

11. T 10 dup

/- {(P>Q)*(Q>R)}>(P>R)

01.—~(Po5Q)e (QDoR)

02.| PoQ
03.] QoR
04., ~Qo~P
05. Q

06. I:Q e Q
07. Q
08.] QoQ
09., ~QvQ
10./ ~PVvR
11.L. _P>oR

ACP
1 simp
1 simp
2 contrap
ACP
5 dup
6 simp
5-7 CP
8 CE
3, 4, 9 dil

3, 4, 9dil

12.{(P>oQ)*(Q>oR)}>(PoR) 1-11CP



/- {(PeQ)D>R}={P>(Q>R)}

12.»~P> (Q>R)
13.| ~Pv (Q > R)
14.| ~Pv (~Q Vv R)
15.| (~.Pv~Q) VR
16.| ~ (P Q) VR
17.. (Pe¢Q)D>R

ACP

12 CE

13 CE

14 assoc
15 DeM

16 CE

18. {Po(Q>oR)}>{(P*Q)oR}12-17 CP

19. [{P>(Q>oR)}>{(PeQ)oR}] »
[{(PeQ)>oR} o>{P>(Q>oR)}] 11-18conj

20. {(P+Q)>R}={P>(Q>oR)} 19 BE

O1. F
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/- (GOoH)Vv(~-G>J)

)
[

SSOC
SSOC
omm

SSOC
SSOC

900

35555553

Hnwhmm\lm

0N Y
mm

01.~(PeQ)DR ACP
02.| ~P ACP
03. ~Q ACP
04. ~R AIP
05. ~(P ¢ Q) 4,1 MT
06. PeQ 3,2 conj
07. (PeQ)e~(PeQ) 6,5 conj
08. | R 4-7 IP
09.| LQ>oR 3-8 CP
10.L P> (Q>oR) 2-9 CP
11. {(PeQ)>R}>{P>(Q>oR)} 1-10CP
12.-P> (Q>R) P
O1.F /- (GOoH)V(~G>J)
02.— ~(G o H) ACP

03. ~(~G v H) 2 CE

04. Ge~H 3 DeM

05. G 4 simp

06. Gv] 5 DI
07.___ ~G>oJ 6 CE
08.~(GoH)>(~G>J) 2-7CP
09.(GoH)V(~G>J) 8 CE

O1.F /-~ (GoH)v(~-G>J)
02.—G ACP

03. Ge-~G 2 dup
04._G 3 simp
05.G>o G 2-4 CP
06.~GvG 5 CE
07.(~GvG)v(Hv]) 6DI

08. {(~ GvG)vH}vJ 7 assoc
09.{~-GVv(GVH)}Vv] 8assoc
10. {~GV(HVG)}v] 9comm
11. {(~-GVH)vG}Vv] 10 assoc
12. (~GVH)V(Gv]]) 11 assoc
13.(~GVH)v(~-G>J) 12CE

14. (GO H) v (~G>J) 13 CE




